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Abstract
We generalize the classical deﬁnition of hypergroups of type U on the right to semihypergroups, and we prove some properties of
their subsemihypergroups and subhypergroups. In particular, we obtain that a ﬁnite proper semihypergroup of type U on the right
can exist only if its order is at least 6. We prove that one such semihypergroup of order 6 actually exists. Moreover, we show that
there exists a hypergroup of type U on the right of cardinality 9 containing a proper non-trivial subsemihypergroup. In this way, we
solve a problem left open in [D. Freni, Sur les hypergroupes de type U et sous-hypergroupes engendrés par un sous-ensemble, Riv.
Mat. Univ. Parma 13 (1987) 29–41].
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
In [3] the concept of hypergroup of type U on the right was introduced to analyze properties of quotient hypergroups
H/h of an hypergroup H with respect to a subhypergroup h ⊂ H ultraclosed on the right. The class of hypergroups of
type U on the right is rather wide [4,7], and includes that of hypergroups of type C on the right [8,12] and, in particular,
that of cogroups [2,10] and that of quotient hypergroupsG/g of a group G with respect to a non-normal subgroup g ⊂ G
(D-hypergroups) [8,9]. Papers [4,7] are indeed quite relevant in this context; in the former, the concept of homology
hypergroup within the category of hypergroups of type U on the right is introduced, and some results already known
in the ﬁeld of homology of abelian groups are extended to non-commutative groups, while in the latter the analysis of
relationships existing between hypergroups of type U and hypergroups of double cosets is furthered. Moreover, in [4] a
necessary and sufﬁcient condition for a subsemihypergroup A of an hypergroup H to be a subhypergroup is also given.
In particular, Theorems 2.1 and 2.2 of [4] show that if H is a ﬁnite hypergroup of type U on the right such that its scalar
right identity ε is also a left identity, then all subsemihypergroups of H are also hypergroups. Hence, the problem arises
to prove whether or not the same result holds true when ε is not a left identity.
In the present paper, this problem is solved by explicitly constructing an example of a semihypergroup of type U on
the right that is not a hypergroup.
The plan of this paper is the following: After introducing in the next section some basic deﬁnitions and notations
to be used throughout the paper, we analyze some properties of cyclic semihypergroups in Section 3. In Section 4
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we generalize the classical deﬁnition of hypergroups of type U on the right to semihypergroups, and prove some of
their properties with an emphasis on the ﬁnite case. In particular, we show that any ﬁnite semihypergroup H of type
U on the right that is not also a hypergroup, contains a non-trivial subhypergroup, its scalar right identity is not a left
identity, and moreover, it is left-reproducible, that is, all columns of its hyperproduct table contain subsets whose union
is equal to H. Furthermore, we prove some results on subgroups G ⊂ H , for example, that the quotient set H/G is
a semihypergroup of type U on the right, and that H is a hypergroup of type U on the right if and only if also H/G
is. Analogously to the case of ﬁnite groups, we show that the cardinality of G divides the cardinality of H. Section 5
contains our main results, showing that the cardinality of a ﬁnite semihypergroup of type U on the right, that is not also
a hypergroup, is 6. Moreover, we explicitly construct an example of such a semihypergroup. In Section 6, we give the
solution of the above mentioned problem, as an application of our preceding results. Indeed, we show that there exists
a hypergroup of type U on the right of cardinality 9 containing a proper subsemihypergroup of cardinality 6. Moreover,
we show that all ﬁnite semigroups of type U on the right are also groups. We close the paper by outlining some open
problems.
2. Basic deﬁnitions and notations
A hypergroupoid is a non-empty set H equipped with a hyperoperation, that is, a map  : H ×H → P∗(H), where
P∗(H) denotes the family of all non-empty subsets of H. If x, y ∈ H , we will denote by xy the hyperproduct (x, y)
of x and y.
A hypergroupoid H is said to be a semihypergroup if (xy)z = x(yz), for all x, y, z ∈ H . A hypergroup is a
semihypergroup H such that xH = Hx = H , for all x ∈ H (this condition is called reproducibility).
A non-empty subset S of a semihypergroup H is called a subsemihypergroup of H if it is closed with respect to
multiplication, that is, if xy ⊂ S for all x, y ∈ S. If the subsemihypergroup S is a semigroup, we say that S is a
subsemigroup of H.
A non-empty subset K of a semihypergroup H is a subhypergroup of H if xK = Kx = K , for every x ∈ K . If the
subhypergroup K is a group, then K is a subgroup of H.
A subhypergroup K of a hypergroup H is said closed if K(H − K) = (H − K)K = H − K . The subhypergroup
K is right-invertible if x ∈ yK ⇒ y ∈ xK , for all x, y ∈ H . Moreover, K is called ultraclosed on the right if
xK ∩ x(H − K) = ∅, for all x ∈ H .
We recall from [11] the following result:
Proposition 1. Let K be a subhypergroup of H ultraclosed on the right. Then K is right-invertible and closed in H.
If a semihypergroup H contains an element ε with the property that, for all x in H, x ∈ xε (resp., x ∈ εx), we say
that ε is a right identity (resp., left identity) of H. If xε = {x} (resp., εx = {x}), for all x in H, then ε is a scalar right
identity (resp., scalar left identity).
Following [3], a hypergroup H is said to be of type U on the right if it fulﬁlls the following conditions:
U1: H has a scalar right identity ε; and
U2: for all x, y ∈ H , x ∈ xy ⇒ y = ε.
Analogously, we can deﬁne hypergroups of type U on the left. If a hypergroup is of type U both on the left and on
the right, then it is simply called a type U hypergroup. We notice that if H is a hypergroup and K is an ultraclosed
subhypergroup of H, then the quotient set H/K is a hypergroup of type U on the right, see [4].
Finally, we denote by |A| the cardinality of any ﬁnite set A.
3. Cyclic semihypergroups
In this section we analyze some properties of cyclic semihypergroups, furthering the study carried out in [1,4,13].
Our results will be used in the forthcoming sections since, as it will become evident in Section 4, every semihypergroup
of type U on the right having at least two elements, contains a non-trivial cyclic subsemihypergroup.
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If H is a semihypergroup (resp., hypergroup), it is known that the intersection ⋂i∈I Si of a family {Si}i∈I of sub-
semihypergroups (resp., subhypergroups) of H, if non-empty, is again a subsemihypergroup of H. For every non-empty
subset A of H there is at least one subsemigroup of H containing A, e.g., H itself. Hence the intersection of all subsemi-
hypergroups of H containing A is a subsemihypergroup.We denote it by Aˇ, and note that it is deﬁned by two properties:
(1) A ⊂ Aˇ; and (2) if S is a subsemihypergroup of H containing A, then Aˇ ⊂ S. Furthermore, Aˇ is characterized as
the algebraic closure of A under the hyperproduct in H, that is, Aˇ is the union of all hyperproducts having factors in A.
Especially interesting is the case where A = {x}, a singleton set, where xˇ =⋃k1xk . It is not difﬁcult to prove that, if
H has cardinality n, then xˇ =⋃nk=1xk . We refer to xˇ as the cyclic subsemihypergroup of H generated by the element x.
Finally, we say that the semihypergroup H is cyclic if there exists an element x ∈ H such that H = xˇ. We notice that
for all x, y ∈ H we have:
(1) xxˇ = xˇx;
(2) xˇ = {x} ∪ xxˇ;
(3) x ∈ yˇ ⇔ xˇ ⊂ yˇ; and
(4) x ∈ xxˇ = xˇx ⇔ xˇ = xxˇ = xˇx.
Lemma 1. Let H be a semihypergroup and let x, y be two distinct elements of H such that xˇ = yˇ. Then xˇ = xxˇ = xˇx
and yˇ = yyˇ = yˇy.
Proof. There exists an integer r > 1 such that y ∈ xr . By induction we have yk ⊂ xkr ⊂ xxˇ for all integers k1,
hence xˇ = yˇ ⊂ xxˇ ⊂ xˇ, and moreover, xˇ = xxˇ = xˇx. Interchanging the role of x and y we obtain yˇ = yyˇ = yˇy. 
Proposition 2. Let H be a semihypergroup and let S be a subsemihypergroup of H such that xˇ = S for all x ∈ S. Then
S is a subhypergroup of H.
Proof. If |S| = 1 the claim is trivial. Let suppose |S|2. By hypothesis, xˇ = S = yˇ for all pairwise distinct elements
x, y ∈ S. By Lemma 1, we have xS = Sx = S for all x ∈ S, hence S is a subhypergroup of H. 
In what follows, we denote by MH the intersection of all subsemihypergroups of H. Note that, if MH = ∅, we have
MH = xˇ, for all x ∈ MH . As a consequence, by Proposition 2, MH is a subhypergroup of H.
Deﬁnition 1. Let H be a semihypergroup and S ⊂ H a subsemihypergroup. We say that S covers MH if S = MH and
for all subsemihypergroup K of H such that K ⊂ S we have either K = MH or K = S. In particular, if MH = ∅ then
every subsemihypergroup S that covers MH is called minimal.
An immediate consequence of Proposition 2 is the following:
Corollary 1. Let H be a semihypergroup such that MH = ∅. Then, every minimal subsemihypergroup S ⊂ H is a
subhypergroup of H.
Theorem 1. Let H be a semihypergroup such that MH = ∅, and let S ⊂ H be a subsemihypergroup that covers MH .
Then the following conditions are equivalent:
(1) S is a subhypergroup of H; and
(2) MHS = SMH = S.
Proof. Firstly, let suppose that MHS = SMH = S. Since MH ⊂ S, for every x ∈ S we can consider the following
possibilities:
(a) x ∈ MH ;
(b) x ∈ S − MH and |S − MH |2; and
(c) S − MH = {x}.
In case (a), since MH is a subhypergroup, we have MHx = xMH = MH , hence S = SMH = SMHx = Sx and
S = MHS = xMHS = xS. Then xS = Sx = S.
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In case (b), there exists y ∈ S −MH , x = y. As S covers MH , we have xˇ =S = yˇ and, from Lemma 1, xS =Sx =S.
In case (c), we have obviously S = MH ∪ {x}. Then
S = MHS = MH(MH ∪ {x}) = MHMH ∪ MHx = MH ∪ MHx.
Hence x ∈ MHx. As xˇ = S we obtain MH ⊂ xˇx, so S = Sx. Analogously S = xS. The implication (1) ⇒ (2)
is trivial. 
Corollary 2. Let H be a semihypergroup such that MH = ∅ and H covers MH . Then H is a hypergroup if and only if
MHH = HMH = H .
Remark 1. If H is a semihypergroup having an idempotent element ε, then it is obvious that the singleton {ε} is a
subhypergroup of H. In this case, if MH = ∅ then MH = {ε}, and moreover, if H covers MH , from Corollary 2 we
have that H is a hypergroup if and only if εH = Hε = H .
We stress the fact that there exist proper semihypergroups H (that are not hypergroups) such that MH = ∅ and H
covers MH . In this case we have either MHH = H or HMH = H . A simple example of this situation is given by the
semihypergroup with elements a, b and whose hyperproduct ⊗ is given by the following table:
(1)
In this case the element a is idempotent and is a right identity. Moreover, MH = {a}, H covers MH , HMH = H and
MHH = MH = H .
We note that semihypergroup (1) is the unique proper semihypergroup having cardinality 2 and a right identity. In
fact, we have the following stronger result; its proof is not very difﬁcult, and for sake of brevity, we leave it to the
reader.
Proposition 3. Let H be a semihypergroup with right identity ε, and let x ∈ H − {ε} be such that xˇ = {ε, x}. Then we
have
(1) xˇ = xxˇ = xˇx;
(2) xˇε = xˇ;
(3) if x ∈ ε2 or x ∈ εx, then xˇ is a hypergroup; and
(4) if xˇ is not a hypergroup, then xˇ is isomorphic to semihypergroup (1).
4. Finite semihypergroups of type U on the right
In this section we deﬁne semihypergroups of type U on the right and prove some of their properties. In the next
section we will apply these properties (in particular, their existence and construction in the ﬁnite case) to answer a
question raised up in [4].
Deﬁnition 2. A semihypergroup H is of type U on the right if it fulﬁlls the following two axioms:
U1 : H has a right scalar identity ε; and
U2 : for all x, y ∈ H , x ∈ xy ⇒ y = ε.
Analogously, we can deﬁne a semihypergroup H of type U on the left. If a semihypergroup is of type U both on the left
and on the right, then we simply call it a type U semihypergroup.
Hereafter, we will always denote by ε the right scalar identity of H.
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Proposition 4. Let H be a ﬁnite semihypergroup of type U on the right and let x ∈ H −{ε} be such that xˇ has minimal
cardinality. Then we have
(1) ε ∈ xˇ;
(2) εxˇ = xˇ = xˇε; and
(3) xˇ is a subhypergroup of H.
Proof. (1) If x2 ={ε} then the claim is trivial. On the other hand, if x2 = {ε}, by axiom U2 there exists y ∈ H −{ε, x}
such that y ∈ x2. Since the cardinality of xˇ is minimal, we have yˇ = xˇ and, from Lemma 1, xˇ = xxˇ. Hence x ∈ xxˇ.
Using again axiom U2 we obtain ε ∈ xˇ.
(2) If εx = {x} then εxk = xk , for all integers k1. Hence,
εxˇ = ε
⎛
⎝⋃
k1
xk
⎞
⎠= ⋃
k1
εxk =
⋃
k1
xk = xˇ.
If εx = {x} then there exists y ∈ H − {ε, x} such that y ∈ εx. As a consequence, yk ⊂ (εx)k = εxk , for all integers
k1. Moreover, by the preceding claim,
yˇ =
⋃
k1
yk ⊂
⋃
k1
εxk = ε
⎛
⎝⋃
k1
xk
⎞
⎠= εxˇ ⊂ xˇxˇ ⊂ xˇ.
Hence, by minimality of |xˇ|, we have yˇ=εxˇ= xˇ. Obviously, it is also true that xˇε= xˇ since ε is the scalar right identity.
(3) Let K = xˇ. We have MK = {ε} = K , and K covers MK since it has minimal cardinality. Moreover, KMK =
MKK = K from claim 2. Hence K is an hypergroup, as a consequence of Corollary 2. 
An immediate consequence of Proposition 4 is the following:
Corollary 3. Let H be a ﬁnite semihypergroup of type U on the right such that xˇ = H for all x ∈ H − {ε}. Then H is
a hypergroup.
Remark 2. From Proposition 4 and Corollary 3, we deduce that any ﬁnite semihypergroup of type U on the right, that
is not also a hypergroup, must contain a cyclic subhypergroup of type U on the right having cardinality greater than 1.
Proposition 5. Let H be a ﬁnite semihypergroup of type U on the right and let K ⊂ H be a subsemihypergroup. Then
ε ∈ K . Moreover, MH = {ε}.
Proof. Let K ⊂ H be a subsemihypergroup. Obviously, K is ﬁnite, hence there exists a subsemihypergroup S ⊂ K
having minimal cardinality. For all x ∈ S we have xˇ = S and, by Proposition 2, S is a subhypergroup of K. Now, for
any x ∈ S we have S = xS, and by axiom U2, ε ∈ S ⊂ K . Finally, since {ε} is a subsemihypergroup of H, we obtain
MH = {ε}. 
Remark 3. Since all subsemihypergroups of a ﬁnite semihypergroup of type U on the right contain the identity ε, they
are also of type U on the right. We will show in Section 6 that, in the inﬁnite case, this implication is not true.
Proposition 6. Let H be a ﬁnite semihypergroup of type U on the right and let x ∈ H −{ε} be such that xˇ has minimal
cardinality. Then |xˇ| = |H | − 1.
Proof. Suppose |xˇ| = |H | − 1 and H − xˇ = {y}. By the ﬁrst and third claim in Proposition 4 we have ε ∈ xˇ and xˇ is
a subhypergroup of H. If yxˇ = {y}, then yx = {y} and, by axiom U2, x = ε, which is impossible. On the other hand,
if yxˇ = {y}, since xˇ = H − {y}, there exists an element z ∈ xˇ such that z ∈ yxˇ. By reproducibility of xˇ, there exists
w ∈ xˇ such that ε ∈ zw, hence {y} = yε ⊂ yzw ⊂ y(yxˇ)w = y2xˇ. Moreover, we have y2 ⊂ xˇ because y /∈ y2 and
D. Fasino, D. Freni /Discrete Mathematics 307 (2007) 2826–2836 2831
H − xˇ ={y}. As a consequence, y ∈ y2xˇ ⊂ xˇxˇ = xˇ. Finally, we conclude that y ∈ xˇ, leading to a contradiction. Hence
|xˇ| = |H | − 1. 
In the next theorem we prove that all ﬁnite semihypergroups H of type U on the right are also left-reproducible, that
is, for all x ∈ H we have Hx = H .
Theorem 2. Let H be a ﬁnite semihypergroup of type U on the right. Then
(1) for all x ∈ H , xxˇ = xˇx = xˇ; and
(2) for all x ∈ H , Hx = H .
Proof. (1) The claim is obvious if x = ε. Then, let x ∈ H − {ε}. By Proposition 5, we have ε ∈ xˇ, hence there exists
an integer n> 1 such that ε ∈ xn. Then, x ∈ xn+1. By an inductive argument, we see that xm ⊂ xn+m for all m1.
We have
xˇ ⊂
⋃
m1
xn+m ⊂
⋃
k2
xk = xxˇ = xˇx ⊂ xˇ,
hence we obtain xˇ = xxˇ = xˇx.
(2) By the preceding claim and Proposition 5, for all x ∈ H we have
H = Hε ⊂ Hxˇ = Hxˇx ⊂ HHx ⊂ Hx ⊂ HH ⊂ H ,
hence Hx = H . 
Corollary 4. Let H be a ﬁnite semihypergroup of type U on the right. Then H is a hypergroup if and only if H = εH .
Proof. The “only if” part of the claim is trivial. To complete the proof, by virtue of Theorem 2, it is sufﬁcient to show
that xH = H for all x ∈ H . By Proposition 5 and the ﬁrst claim in Theorem 2, we have ε ∈ xˇ = xxˇ, hence
H ⊂ εH ⊂ xˇH = xxˇH ⊂ xHH ⊂ xH ⊂ HH ⊂ H ,
and the equality xH = H follows immediately. 
Corollary 5. Let H be a ﬁnite semihypergroup of type U on the right such that its right scalar identity is also a
(non-necessarily scalar) left identity. Then H is also a hypergroup.
Corollary 6. All ﬁnite type U semihypergroups (both on the right and on the left) are also hypergroups.
We complete our analysis of the properties of semihypergroups H on type U on the right by showing some results
concerning subgroups of H. These results are relevant for the analysis to be carried out in the following section. We
recall that a subgroup of a semihypergroup H is a subhypergroup of H that is isomorphic to a group.
Theorem 3. Let H be a ﬁnite semihypergroup of type U on the right and let G ⊂ H be a subgroup. Then:
(1) (H − G)G = H − G;
(2) for all a ∈ G, (H − G)a = H − G;
(3) for all x ∈ H , xG ∩ x(H − G) = ∅;
(4) for all x ∈ H − G and for all a ∈ G, |xa| = 1;
(5) G(H − G) ⊂ H − G.
Proof. (1) It is obvious that (H −G)= (H −G)ε ⊂ (H −G)G. Conversely, let a, b ∈ G and x ∈ H −G. If a ∈ xb,
then ab−1 ⊂ (xb)b−1 = x(bb−1)= xε ={x}, hence {x}= ab−1 ⊂ G, that is impossible. Hence (H −G)G ⊂ H −G.
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(2) By the second claim of Theorem 2, for all a ∈ G we have
H = Ha = [(H − G) ∪ G]a = (H − G)a ∪ Ga = (H − G)a ∪ G,
hence (H −G)a ∪G=H = (H −G)∪G and consequently H −G ⊂ (H −G)a. Moreover, by the preceding claim,
we have (H − G)a ⊂ (H − G)G = H − G, whence we obtain (H − G)a = H − G.
(3) If xG ∩ x(H − G) = ∅, then there exist a ∈ G and y ∈ H − G such that xa ∩ xy = ∅. If z ∈ xa ∩ xy, then
za−1 ⊂ xaa−1 = xε = {x}, whence {x} = za−1 ⊂ (xy)a−1 = x(ya−1) and x ∈ x(ya−1). By axiom U2, we also have
ε ∈ ya−1, hence εa ⊂ (ya−1)a = y(aa−1) = yε = {y}. Finally, {y} = εa ⊂ GG = G, thus leading to a contradiction.
(4) Let x ∈ H − G, a ∈ G and {y, z} ⊂ xa. We have ya−1 ⊂ xaa−1 = xε = {x} and moreover, za−1 ⊂
xaa−1 = xε = {x}. Hence ya−1 = {x} = za−1. Then we obtain {y} = yε = ya−1a = za−1a = zε = {z}, whence y = z.
As a consequence, xa is a singleton, for all a ∈ G and x ∈ H − G.
(5) Let a, b ∈ G, x ∈ H −G and b ∈ ax. By claims 1 and 4, we have |x(a−1b)|= |x(b−1a)|=1, x(a−1b) ⊂ H −G
and x(b−1a) ⊂ H − G. Let x(a−1b) = {y} and x(b−1a) = {z}. Obviously we also have x ∈ z(a−1b) ⊂ zG, hence
y ∈ x(a−1b) ⊂ zGa−1b = zG. Moreover, from b ∈ ax we obtain {ε} = b−1b ⊂ b−1ax and
y ∈ xa−1b = xεa−1b ⊂ x(b−1ax)a−1b = (xb−1a)(xa−1b)
= zy ⊂ z(H − G).
Hence y ∈ zG ∩ z(H − G), but this in contradiction with claim 3. So we must have G(H − G) ⊂ H − G. 
Remark 4. If H is a ﬁnite hypergroup of type U on the right and G is a subgroup of H, the third part of Theorem 3
implies that G is ultraclosed on the right in H. By Proposition 1, we have that G is invertible on the right and closed
in H, hence in this case we also have the converse inclusion H − G ⊂ G(H − G). In the following section we will
show that there exist ﬁnite semihypergroups H of type U on the right that contain a subgroup G such that H −G is not
contained in G(H − G).
We point out that, if H is a semihypergroup of type U on the right and G is a subgroup of H, for all pairs (x, y) of
elements of H and for all a ∈ G we have x ∈ ya ⇒ y ∈ xa−1, whence x ∈ yG ⇒ y ∈ xG. This fact implies
that, if xG ∩ yG = ∅, then xG = yG. Moreover, by the second part of Theorem 2, we have the equation HG = H ,
whence
⋃
x∈HxG = H . As a consequence, the set H/G of right cosets of G in H is a partition of H. Furthermore, by
the fourth claim of Theorem 3, the hyperproduct xa is a singleton, for all x ∈ H and a ∈ G. Then, if we identify a
singleton by the element itself, the map fx : G −→ xG deﬁned as fx(a) = xa, for all a ∈ G, is one-to-one and onto,
hence |H | = |G||H/G|. As a consequence, we have the following result that mirrors the case of ﬁnite groups:
Theorem 4. Let H be a ﬁnite semihypergroup of type U on the right and let G be a subgroup of H. Then |G|
divides |H |.
The forthcoming theorem will allow us to prove in Section 6 that all ﬁnite semigroups of type U on the right are also
groups.
Theorem 5. Let H be a ﬁnite semihypergroup of type U on the right and G ⊂ H be a subgroup. Then the quotient
set H/G is a semihypergroup of type U on the right with respect to the hyperproduct xG ⊗ yG = {zG | z ∈ xGyG}.
Moreover, H is a hypergroup if and only if H/G is a hypergroup.
Proof. The hyperproduct ⊗ is obviously well deﬁned, associative, and such that xG ⊗ G = xG. Moreover, if xG ∈
xG ⊗ yG and, by absurd, y ∈ H − G, from claims 1 and 5 of Theorem 3, we obtain x ∈ xGyG ⊂ xG(H − G)G ⊂
x(H − G)G = x(H − G). Obviously, we have {x} = xε ⊂ xG, hence xG ∩ x(H − G) = ∅, which is impossible by
claim 3 of Theorem 3. Whence y ∈ G and yG=G. We conclude that H/G is a semihypergroup of type U on the right.
Now we prove that, if H/G is a hypergroup, then also H is a hypergroup. By hypothesis, for all pairs (x, y) of
elements in H, there exists zG ∈ H/G such that yG ∈ xG ⊗ zG. Hence y ∈ xGzG ⊂ xH and, consequently,
H = xH . Moreover, H is also a ﬁnite semihypergroup of type U on the right, hence Hx = H by Theorem 2. We
conclude that H is a hypergroup.
Analogously, we can prove that, if H is a hypergroup, then also H/G is a hypergroup. 
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5. Main results
This section contains the main results of this paper. We prove a lower bound on the cardinality of semihypergroups
of type U on the right that are proper, that is, that are not hypergroups. Moreover, we will show that the above lower
bound is actually strict by explicitly constructing a suitable example having minimal cardinality.
In the paper [6] all hypergroups of type U on the right having order 3 have been determined. Such hypergroups are
just two: The ﬁrst is the cyclic group Z3 and the other is the D-hypergroup S3/S2 [9,10], whose hyperproduct is given
by the following table:
We generalize the above construction as follows. Let B a set having cardinality at least 3, and choose an element ε ∈ B.
Then we deﬁne in B the following hyperproduct: For all a, b ∈ B, let
ab =
{ {a} if b = ε;
B − {a} else.
It is rather apparent that B is a cyclic hypergroup of type U on the right. Furthermore, it is not difﬁcult to show that,
if |B| = n, then B is isomorphic to Sn/Sn−1, hence B is also a D-hypergroup. These special hypergroups B play a
fundamental role in what follows. In fact, we have the following result:
Proposition 7. Let H be a semihypergroup of type U on the right and let K be a subhypergroup of H such that K = H
and K is isomorphic to B. Then, for all x ∈ H − K and for all a, b ∈ K − {ε}, we have:
(1) xa = xb;
(2) ε ∈ xa ⇒ K ⊂ xa;
(3) xa ∩ K = ∅ ⇒ K ⊂ xa;
(4) xa = K;
(5) xa ∩ (H − K) = ∅; and
(6) |xa|> 1.
Proof. By hypothesis, K is isomorphic to B, thus εa = K − {ε} = εb and henceforth xa = (xε)a = x(εa) = x(εb) =
(xε)b = xb. This proves the ﬁrst claim.
Now, let xa = A. Using associativity (xa)b = x(ab), we obtain Ab = A ∪ {x}. The remaining claims follow by
simple arguments from this equality. 
Theorem 6. Let H be a semihypergroup of type U on the right, let b ∈ H be such that bˇ = H and bˇ is isomorphic to
S3/S2. Then |H |6.
Proof. By hypothesis, 3 = |bˇ|< |H |. If |H | = 4, we can suppose that H − bˇ = {x} and, by claim 5 of Proposition 7
we have x ∈ xb. But this is impossible since we would have b = ε by axiom U2. Hence |H |> 4.
If |H | = 5, denote bˇ = {ε, b, c} = cˇ and H = {ε, b, c, x, y}. Since x /∈ xb and y /∈ yb, by claims 3–6 of Proposition 7
we have xb = bˇ ∪ {y} and yb = bˇ ∪ {x}. Analogously we obtain xc = cˇ ∪ {y} and yc = cˇ ∪ {x}. Hence
H = {x} ∪ xb = xε ∪ xb = x{ε, b} = x(cc) = (xc)c = (cˇ ∪ {y})c
= cˇc ∪ yc = cˇ ∪ {x} = H − {y},
which is impossible. 
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Theorem 7. All semihypergroups H of type U on the right having cardinality less than 6 are not proper, that is, they
are also hypergroups. Moreover, there exists a proper semihypergroup of type U on the right having cardinality 6.
Proof. For readability, we split the proof of this theorem in four parts. In the ﬁrst part, we prove the non-existence of
proper semihypergroups H having order at most 3. In the second and third part we consider the cases of order 4 and 5,
respectively. In the last part we give an example of a proper semihypergroup having order 6.
First case: |H | ∈ {2, 3}. If |H | = 2, by axioms U1 and U2, then H is reproducible and is isomorphic to the group Z2.
If |H | = 3, by Proposition 6, every element x ∈ H − {ε} is such that xˇ =H . Hence, by Corollary 3, H is isomorphic
either to Z3 or to S3/S2 (see Proposition 4.2 in [6]).
Second case: |H | = 4. Let H = {ε, b, c, d} and, without loss of generality, suppose that bˇ has minimal cardinality.
By virtue of Theorems 6 and 4, the subhypergroup bˇ cannot be isomorphic neither to Z3 nor to S3/S2, hence we must
have either bˇ = H or bˇ is isomorphic to Z2.
If bˇ = H , then we obtain bˇ = cˇ = dˇ = H and, by Corollary 3, H is an hypergroup.
On the other hand, if bˇ is isomorphic to Z2, by claim 1 of Theorem 3 we have cb ∩ bˇ = db ∩ bˇ = ∅. Moreover,
by axiom U2, c /∈ cb and d /∈ db, whence cb = {d} and db = {c}. Furthermore, if εc = {d}, then {d} = εc = (εε)c =
ε(εc) = εd and we obtain the contradiction {c} = db = (εd)b = ε(db) = εc = {d}. Hence, by claim 5 of Theorem 3,
we have c ∈ εc and {d} = cb ⊂ (εc)b = ε(cb) = εd. It follows that ε is a left identity and, by Corollary 5, H is a
hypergroup.
Third case: |H | = 5. Let a be an element of H − {ε} such that aˇ has minimal cardinality. By Proposition 6, we
have |aˇ| = 4. Moreover, |aˇ| /∈ {2, 3}. Indeed, if |aˇ| = 3 then aˇ is isomorphic to S3/S2. By Theorem 6 we conclude
that |H |6. On the other hand, if |aˇ| = 2 then aˇ is a group. By Theorem 4 we obtain that 2 divides 5. In both
cases we arrive to a contradiction. Hence, for all a ∈ H − {ε}, we have H = aˇ and, from Corollary 3, H is a
hypergroup.
An example having order 6. Consider the set K = {ε, b, c, d, e, f } and deﬁne on it the hyperproduct given by the
following table:
(2)
With the above hyperproduct, the set K is a semihypergroup of type U on the right that is not also a hypergroup. The
element ε is the scalar right identity, and it is not a left identity. As predicted by claim 2 of Theorem 2 and by Corollary
4, we have that K is left-reproducible and K /⊂ εK . Moreover, b, c are elements of K − {ε} such that bˇ = cˇ is a
subhypergroup isomorphic to S3/S2. 
Remark 5. By claim 3 of Theorem 3, all subgroups G of a hypergroup H of type U on the right are ultraclosed on the
right, hence right-invertible and closed in H. On the other hand, if H is a proper semihypergroup of type U on the right,
generally G is not closed on the right. Indeed, the singleton {ε} is a subgroup of (K,⊗) such that K−{ε} /⊂ ε(K−{ε}).
Other examples can be obtained by considering the direct product G × K of a group G with the semihypergroup K
above. In this case, G × {ε} is a subgroup of G × K that is not closed on the right in G × K .
6. Applications and examples
As recalled in the Introduction, the results in [4] raise the following problem: There exists a ﬁnite hypergroup of
type U on the right, whose scalar right identity is not a left identity, having a proper subsemihypergroup? On the basis
of Theorem 7 we can answer positively to that question.
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Indeed, let consider the semihypergroup K = {ε, b, c, d, e, f } endowed with hyperproduct (2), and deﬁne the set
H = K ∪ {g, h, i}. We endow H with the hyperproduct • deﬁned as follows:
(3)
Then (H, •) is a hypergroup of typeU on the right andK ⊂ H is a subsemihypergroup that is not also right-reproducible.
We point out that this example is obtained by extending the semihypergroup (K,⊗) by three more elements. If we
extend analogously (K,⊗) by adding just one or two elements, then the resulting hyperproduct • is not associative.
Indeed, when H =K ∪ {g} or H =K ∪ {g, h} then g • (b • d)=H , while (g • b) • d is equal to K, when H =K ∪ {g},
and to K ∪ {g}, when H = K ∪ {g, h}.
We point out that the existence of ﬁnite hypergroups of type U on the right such that their scalar right identity is not
a left scalar identity has been analyzed also in [5].
On the other hand, we can generalize the construction of the example (3) to arbitrary ﬁnite orders as follows: Let
H = B ∪ C ∪ D, where B,C,D are disjoint sets having cardinality at least 3. Let ε ∈ B a ﬁxed element. On H we
deﬁne the following hyperproduct ◦:
x ◦ y =
⎧⎪⎨
⎪⎩
{x} if y = ε,
B − {x} if x ∈ B and y ∈ (B ∪ C) − {ε},
(B ∪ C) − {x} if x ∈ C and y ∈ (B ∪ C) − {ε},
H − {x} else.
It is not difﬁcult to verify that (H, ◦) is a hypergroup of type U on the right, having K = B ∪ C as a proper subsemi-
hypergroup.
Remark 6. We have shown in Proposition 5 that all subsemihypergroups of a ﬁnite semihypergroup of type U on
the right contain the right scalar identity. Moreover, by Corollary 6, all ﬁnite type U semihypergroups H (both on the
left and on the right), are also type U hypergroups. These conclusions are generally false if H is inﬁnite. A simple
example is given by the additive monoid (N,+). Indeed, (N,+) is a type U semigroup and, for all n> 0, all subsets
[n,∞) = {m ∈ N | mn} are subsemihypergroups that do not contain the identity, hence they are not of type U.
One more example, showing an inﬁnite proper semihypergroup, is the following: Let  be a positive integer, and
deﬁne in N the hyperproduct • given by
m • n =
{ {m + n} if either m = 0 or n = 0,
[m + n + ,∞) else.
The hyperproduct • is associative; for example, for all triples (m, n, t) of positive integers we have (m • n) • t = m •
(n • t) = [m + n + t + 2,∞). Moreover, for all m, n ∈ N − {0} we have {m, n} ∩ (m • n) = ∅ and n • N = N • n =
[1 + n + ,∞) ∪ {n}. Hence (N, •) is a proper type U semihypergroup. Finally, also in this case all sets [n,∞) for
n> 0 are subsemihypergroups that do not contain the identity.
7. Open problems
Finally, we outline some possible directions for further investigations.
2836 D. Fasino, D. Freni /Discrete Mathematics 307 (2007) 2826–2836
Example (3) above has cardinality 9. At present, we do not know if a ﬁnite hypergroup of type U on the right having
a proper subsemihypergroup can be constructed having cardinality 7 or 8, although an extensive computational search
seems to show that this doesn’t happen. Hence, what is the minimal cardinality of such a hypergroup?
Another problem left open in this paper is related to the construction of example (2).We can state it as follows: There
exist proper semihypergroups different from (2) having cardinality 6? In particular, can such an example be constructed
having a subhypergroup that covers {ε} and having cardinality 4?
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